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Non-adiabatic holonomic quantum computation in decoherence-free subspaces protects quantum information from
control imprecisions and decoherence. For the non-collective decoherence that each qubit has its own bath, we show
the implementations of two non-commutable holonomic single-qubit gates and one holonomic nontrivial two-qubit gate
that compose a universal set of non-adiabatic holonomic quantum gates in decoherence-free-subspaces of the decoupling
group, with an encoding rate of N−2N . The proposed scheme is robust against control imprecisions and the non-collective
decoherence, and its non-adiabatic property ensures less operation time. We demonstrate that our proposed scheme
can be realized by utilizing only two-qubit interactions rather than many-qubit interactions. Our results reduce the
complexity of practical implementation of holonomic quantum computation in experiments. We also discuss the physical
implementation of our scheme in coupled microcavities.
Holonomic quantum computation (HQC), first proposed by Zanardi and Rasetti [1],is a general procedure for implementing
quantum gates using non-Abelian geometric phases. In HQC, unitary operations can be implemented by varying the system
Hamiltonian with degenerate energy levels to make the system evolve along a closed path in the parameter space. The unitary
operations are determined only by the shape of the closed path, not on the details of the evolution. The property of HQC against
control imprecisions leads to robust quantum operations. Thus HQC has become one promising quantum computation paradigm
and attracted more and more interests recently [2–14]. The initial HQC is based on adiabatic evolution requiring long evolution
time for the desired parametric control. To deal with this drawback, non-adiabatic HQC based on non-adiabatic non-Abelian
geometric phases [15] has been proposed in Ref. [9] and experimentally demonstrated in [12, 13].
Apart from errors in the control process, decoherence often caused by unavoidable interaction with environment is another
main practical obstacle in quantum information processing (QIP). Various methods have been presented to protect quantum
information against decoherence, such as symmetry-aided passive decoherence-free subspaces (DFSs) [16] and noiseless sub-
systems (NSs) [17] approaches, as well as active dynamical decoupling (DD) [18] techniques. The basic idea of DFSs and NSs is
to utilize the natural symmetry of the system-environment interaction. Information stored in subspace spanned by the quantum
states or subsystems are unaffected by the interaction with the environment. DFSs and NSs have been explored extensively
in various physical systems [19–25]. DD [18] tackles decoherence by suppressing the system-environment interaction through
stroboscopic pulsing of the system and it is thus called active approach against decoherence. As shown in the literatures [26–31],
DD not only can be used to preserve arbitrary state in quantum memories, it is also compatible with gate operations used for
QIP in principle, essentially by designing DD operations that commute with the gate operations. Experimental demonstrations
of DD protecting quantum gates have been recently achieved in different physical systems [32, 33]. Therefore, if the system-
environment interaction has naturally available symmetries, one can use DFSs/NSs to encode and store quantum information.
However, often times in practical applications such symmetries are imperfect, and hence DFSs/NSs itself is not enough for pro-
tecting quantum information. In this case the combination of the active DD and the passive DFSs/NSs offers effective method
to mitigate the negative effect of decoherence [26, 31, 34, 35].
To protect quantum information from both control imprecisions and the detrimental effects of the environment, the schemes
hybridizing HQC with DFSs based on adiabatic evolution have been proposed [5–7]. In order to avoid the long run time required
by adiabatic evolution, Refs. [10, 11] has shown that non-adiabatic HQC can be realized in DFSs that are insensitive to the col-
lective dephasing errors. For the general errors that each qubit has its own bath, the implementation of non-adiabatic holonomic
gates can be protected from decoherence by resorting to the DD approach. According to the DD, undesirable couplings between
system and environment can be effectively averaged out by utilizing repetition of fast external control operations. Due to the
requirement of fast pulses, DD provides relatively less resource-demand protection for quantum information. However, the non-
adiabatic HQC together with the integration of DD and DFSs/NSs has not been well explored. Very recently, Xu and Long [36]
proposed a non-adiabatic HQC scheme based on two-qubit interactions and the scheme is robust against non-collective deco-
herence, by encoding three physical qubits to one logical qubit. Consider the scalability of the proposed quantum gates to many
2logical qubits, the scheme [36] requires a lot of resource. Thus more easily achievable scheme with a better encoding rate and
against control imprecisions as well as non-collective decoherence is of great significance from the experimental perspective.
In this work we address the issue by presenting a non-adiabatic HQC scheme against non-collective decoherence. We consider
a linear system-bath interaction Hamiltonian in which each qubit has its own bath and provide a universal set of nonadiabatic
holonomic quantum gates by presenting two noncommuting single-logical-qubit gates and one nontrivial two-logical-qubit gate
in DFSs of a decoupling group. The encoding strategy used here is to encode N physical qubits to (N − 2) logical qubits, and
hence our scheme largely reduces the complexity of experiments.
Results
We first recall the active DD technique [18, 29] which is to be used to suppress the system-bath interaction later. In general, the
interaction Hamiltonian without DD is of the form, HSB =
∑
α Sα ⊗Bα, where each Sα and Bα are pure-system operator and
pure-bath operator, respectively. To suppress error, consider a group G ≡ {gj}, j = 0, 1, ..., |G| − 1, of unitary transformations
gj acting purely on the system with g0 ≡ 1 and |G| ≡ order (G) denoting the number of group elements. Assuming that each
such pulse gj is effectively instantaneous and their temporal separation is ∆t, a full cycle time is Tc = |G|∆t, and the natural
propagator is U0(∆t) = exp(−iH∆t). Then the evolution of the whole system with DD over a single cycle time is given
by U(Tc) =
∏|G|−1
j=0 g
†
jU0(∆t)gj ≡ e−iHeffTc , where Heff denotes the resulting effective Hamiltonian. In the ideal limit of
arbitrarily fast control Tc → 0, Heff approaches H 7−→ Heff = 1|G|
∑
gj∈G g
†
jHgj ≡ ΠG(H). Note that [Heff , gj] = 0 for
∀gj ∈ G, thereby the decoupled evolution is symmetrized according to G.
A decomposition of the system Hilbert space HS can be induced by the decoupling group G via its group algebra CG and its
commutant algebra CG′ as follows [24, 29]: HS ∼= ⊕JCnJ⊗CdJ , CG ∼= ⊕J1 nJ⊗MdJ , and CG
′
= ⊕JMnJ⊗1 dJ . Here the J-
th irreducible representation (irrep), with the dimension dJ , appears with the multiplicity nJ , while Md and 1 d are, respectively,
the complex-valued d × d matrices and the d × d identity matrix. We encode the computational state into the left factor CnJ ,
the effective Hamiltonian Heff needs to act trivially on CnJ . A necessary and sufficient condition is Heff ∼= ⊕JλJ1 nJ ⊗ 1 dJ
(λJ ∈ C). In this case subsystems CnJ are called NSs. When dJ = 1, the DFSs case arises.
We consider a linear system-bath interaction Hamiltonian which is described by,
HSB =
∑
α=x,y,z
∑
i
σαi ⊗Bαi , (1)
where σαi are Pauli matrices acting on the i-th qubit and Bαi are arbitrary bath operators. In this noise model, each qubit has
its own bath. The decoupling group for N -qubit can be selected as [29]: G = {1⊗N , X⊗N , Y ⊗N , Z⊗N}, where the pulses
X = σx, Z = σz and Y = ZX = iσy . Based on Heff , the resulting average system-bath interaction becomes H
′
SB = 0, which
implies that the system is decoupled from the bath up to first-order at the time instant t = Tc.
Suppose that N is even, G is an Abelian group with order |G| = 4, thus all the irreps of G are 1-dimensional (i.e., dJ = 1),
and the number of irreps is the order of the group. The group algebra CG can be written as CG = ⊕4J=1 cJ1 2(N−2) , where
nJ = 2
(N−2)
. Therefore each of the four equivalent subspaces (DFSs) is able to encode (N−2) logical qubits to make universal
quantum computation. For instance, the G-invariant subspace λ = {1, 1, 1, 1}, representing a set of eigenvalues of decoupling
group elements, is spanned by the N-qubit quantum states (|r〉 + |NOT(r)〉)/√2, with r containing an even number of 1′s of
length N .
For the system-bath interaction form (1), the decoupling group G used to decouple the system from the bath up to first-order at
the time instant t = Tc, has four equivalent 2(N−2)-dimensional DFSs with N being even. Each of the four equivalent DFSs is
able to encode (N − 2) logical qubits to make universal quantum computation [29] (i.e., there are (N − 2) logical qubits in each
DFS that will be unaffected by the system-bath interaction). In the following, we utilize one of the four equivalent G-invariant
DFSs (i.e., λ = {1, 1, 1, 1}) to encode our qubits. The (N − 2) logical qubits are encoded in such subspace and the logical states
are
|r1〉L = 1√
2
(|0〉|r1〉|0〉+ |1〉|NOT(r1)〉|1〉),
|r2〉L = 1√
2
(|1〉|r2〉|0〉+ |0〉|NOT(r2)〉|1〉), (2)
where |r1〉L and |r2〉L are the logical states of (N − 2) logical qubits and the subscript L is used to denote that the states (or the
operators) are logical states (or operators). |r1〉 and |r2〉 are the quantum states of (N − 2) physical qubits from the 2-th to the
(N −1)-th physical qubits, with r1 and r2, respectively, containing an even number and an odd number of 1′s of length (N−2).
3For instance, the logical states for N =4 read
|00〉L = 1√
2
(|0000〉+ |1111〉),
|11〉L = 1√
2
(|0110〉+ |1001〉),
|01〉L = 1√
2
(|1010〉+ |0101〉),
|10〉L = 1√
2
(|1100〉+ |0011〉). (3)
To implement two noncommuting holonomic single-logical-qubit gates and one nontrivial holonomic two-logical-qubit gate,
one needs a set of operators to achieve the appropriate transitions so that the evolution stays within the DFS. To this end, we
need to seek for the operators that commute with the decoupling group G. Here we consider the operators {σx1σxj′+1, σzj′+1σzN}
(j′ = 1, 2, · · · , N − 2) which commute with the decoupling group G. One can use a combination of the above operators to
construct desired Hamiltonians, and as a result the DFS will not be destroyed.
One qubit gates.– Explicitly, the forms of the Hamiltonians which generate a holonomic single-qubit gate can be taken as follows
H1(t) = J1(t)σ
z
j+1σ
z
N ,
H
′
1(t) = J
′
1(t)(cos θσ
z
j+1σ
z
N + sin θσ
x
1σ
x
j+1), (4)
where J1(t) and J
′
1(t) are the controllable coupling parameters, θ is an arbitrary parameter, and j = 1, . . . , N−2. The final time
evolution operator which is composed by two-step evolutions reads U1(T1, 0) = exp(−i
∫ T1
τ1
H
′
1(t)dt) exp(−i
∫ τ1
0 H1(t)dt),
where τ1 is an intermediate time parameter and T1 is the evolution period. Adjust the parameters such that
∫ τ1
0
J1(t)dt =∫ T1
τ1
J
′
1(t)dt =
π
2 , we show that the evolution leads to a single-logical-qubit gate. Take N = 4 and j = 1 as an example, we
have the evolution operator act on the logical states in the DFS (3),
U1(T1, 0)|00〉L = −(cos θ|0〉L + sin θ|1〉L)⊗ |0〉L,
U1(T1, 0)|01〉L = −(cos θ|0〉L + sin θ|1〉L)⊗ |1〉L,
U1(T1, 0)|10〉L = −(− sin θ|0〉L + cos θ|1〉L)⊗ |0〉L,
U1(T1, 0)|11〉L = −(− sin θ|0〉L + cos θ|1〉L)⊗ |1〉L. (5)
It is clear that the resulting unitary operator can be written in the subspace spanned by (3) by ignoring global phase as follows
U1(T1, 0) = e
−iθY (1)
L ⊗ I(2). where Y (1)L = −i|0〉(1)L 〈1|(1)L + i|1〉(1)L 〈0|(1)L is the Pauli Y operator acting on the 1-th logical
qubit and I(2) is the identity matrix acting on the 2-th logical qubit. It is straightforward to obtain the evolution operator in the
subspace spanned by (N − 2) logical states (2) up to a global phase as
U1(T1, 0) = I
(1) ⊗ · · · ⊗ e−iθY (j)L ⊗ · · · ⊗ I(N−2), (6)
where N and j are arbitrary, Y (j)L = −i|0〉(j)L 〈1|(j)L + i|1〉(j)L 〈0|(j)L is the Pauli Y operator acting on the j-th logical qubit. This
operator is nothing but one j-th single-logical-qubit gate (j = 1, . . . , N − 2). It is shown that the unitary operator U1(T1, 0) is
purely holonomic according to the conditions of non-adiabatic HQC (see Methods).
We next explore the realization of another holonomic j-th single-logical-qubit gate (j = 1, . . . , N − 2). The desired Hamil-
tonians read
H2(t) = J2(t)σ
x
1σ
x
j+1,
H
′
2(t) = J
′
2(t)σ
x
1σ
x
j+1, (7)
where J2(t) and J
′
2(t) are the controllable coupling parameters. With the two Hamiltonians and the H1(t) and
H
′
1(t) in Eq. (4), the evolution operator which is composed by four-step evolution is given by U2(T2, 0) =
exp(−i ∫ T2
τ
′′
2
H
′
2(t)dt) exp(−i
∫ τ ′′2
τ
′
2
H
′
1(t)dt) exp(−i
∫ τ ′2
τ2
H1(t)dt) exp(−i
∫ τ2
0
H2(t)dt). In the above equation, τ2, τ
′
2, τ
′′
2 and
T2 are respectively intermediate time parameters and the evolution period. By choosing the following conditions
∫ τ2
0 J2(t)dt =
4−π4 ,
∫ τ ′2
τ2
J1(t)dt =
∫ τ ′′2
τ
′
2
J
′
1(t)dt =
π
2 ,
∫ T2
τ
′′
2
J
′
2(t)dt =
π
4 , and the action of the unitary evolution operator U2(T2, 0) is obtained
for N = 4 and j = 1,
U2(T2, 0)|00〉L = −e−iθ|00〉L,
U2(T2, 0)|01〉L = −e−iθ|01〉L,
U2(T2, 0)|10〉L = −eiθ|10〉L,
U2(T2, 0)|11〉L = −eiθ|11〉L. (8)
Up to a global phase, the resulting unitary operator is of the form, U2(T2, 0) = e−iθZ
(1)
L ⊗ I(2). where Z(1)L = |0〉(1)L 〈0|(1)L −
|1〉(1)L 〈1|(1)L is the logical Pauli Z operator acting on the 1-th logical qubit and I(2) is the identity matrix acting on the 2-th logical
qubit. For arbitrary N and j, it is not difficult to find the evolution operator in the subspace spanned by (N − 2) logical states
(2) by neglecting global phase,
U2(T2, 0) = I
(1) ⊗ · · · ⊗ e−iθZ(j)L ⊗ · · · ⊗ I(N−2), (9)
where Z(j)L = |0〉(j)L 〈0|(j)L − |1〉(j)L 〈1|(j)L is the logical Pauli Z operator acting on the j-th logical qubit. Therefore we get
another j-th single-logical-qubit gate (j = 1, . . . , N − 2), which commutes with U1(T1, 0) in (6). Similar to the illustration of
the geometric property of U1(T1, 0), one can verify that the unitary operator U2(T2, 0) also possesses holonomic property (see
Methods).
As well known is that any single-logical-qubit rotation can be realized by arbitrary rotations around two orthogonal axes. Thus
the above two noncommutative single-logical-qubit gates U1 = e−iθY
(j)
L and U2 = e−iθZ
(j)
L , can realize any single-logical-qubit
rotation.
Two qubit gate.– To achieve a universal set of quantum gates, we now demonstrate how to realize an entangling gate between the
k-th logical qubit and the l-th logical qubit (k < l = 2, . . . , N − 2) in the DFS spanned by (2) using the generalized off-diagonal
geometric proposal [39]. The required Hamiltonians are
H3(t) = J3(t)(cosφσ
x
1σ
x
k+1 − sinφσzk+1σzl+1),
H
′
3(t) = J
′
3(t)σ
x
1σ
x
k+1, (10)
where φ is an arbitrary parameter, and J3(t) and J
′
3(t) are the controllable coupling parameters. The final time evolution
operator resulted from the two-step evolution is U3(T3, 0) = exp(−i
∫ T3
τ3
H
′
3(t)dt) exp(−i
∫ τ3
0
H3(t)dt), where τ3 and T3 are
respectively an intermediate time parameter and the evolution period. Control the parameters to make sure that
∫ τ3
0 J3(t)dt =∫ T3
τ3
J
′
3(t)dt =
π
2 , we have U3(T3, 0) written in the DFS formed by (3) for N = 4, k = 1 and l = 2,
U3(T3, 0)|00〉L = −(cosφ|00〉L − sinφ|10〉L),
U3(T3, 0)|01〉L = −(cosφ|01〉L + sinφ|11〉L),
U3(T3, 0)|10〉L = −(sinφ|00〉L + cosφ|10〉L),
U3(T3, 0)|11〉L = −(− sinφ|01〉L + cosφ|11〉L). (11)
The unitary operator is of an equivalent form U3(T3, 0) = eiφY
(1)
L
⊗Z(2)
L (up to global phase). Furthermore, take N = 6, k = 1
and l = 2, the action of U3(T3, 0) on the logical states in the logic DFS (2) can be found as
U3(T3, 0)|00mn〉L = −(cosφ|00〉L − sinφ|10〉L)⊗ |mn〉,
U3(T3, 0)|01mn〉L = −(cosφ|01〉L + sinφ|11〉L)⊗ |mn〉,
U3(T3, 0)|10mn〉L = −(sinφ|00〉L + cosφ|10〉L)⊗ |mn〉,
U3(T3, 0)|11mn〉L = −(− sinφ|01〉L + cosφ|11〉L)⊗ |mn〉, (12)
where m,n ∈ {0, 1}. The resulting unitary operator can be written in the subspace spanned by (2) as follows by ignoring global
phase, U3(T3, 0) = eiφY
(1)
L
⊗Z(2)
L ⊗ I(3) ⊗ I(4). Meanwhile, for N = 6, k = 2 and l = 3, we get
U3(T3, 0)|m00n〉L = −|m〉 ⊗ (cosφ|00〉L − sinφ|10〉L)⊗ |n〉,
U3(T3, 0)|m01n〉L = −|m〉 ⊗ (cosφ|01〉L + sinφ|11〉L)⊗ |n〉,
U3(T3, 0)|m10n〉L = −|m〉 ⊗ (sinφ|00〉L + cosφ|10〉L)⊗ |n〉,
U3(T3, 0)|m11n〉L = −|m〉 ⊗ (− sinφ|01〉L + cosφ|11〉L)⊗ |n〉, (13)
5where m,n ∈ {0, 1}. In this case, the unitary operator is U3(T3, 0) = I(1) ⊗ eiφY
(2)
L
⊗Z(3)
L ⊗ I(4) up to a global phase. It is easy
to generalize the results to any N, k, j and the evolution operator reads
U3(T3, 0) = I
(1) ⊗ · · · ⊗ eiφY (k)L ⊗Z(l)L ⊗ · · · ⊗ I(N−2), (14)
in the subspace spanned by (N − 2) logical states (2). One can find that U3(T3, 0) is a nontrivial entangling logical gate when
sinφ and cosφ are nonzero. The geometric feature of U3(T3, 0) can be demonstrated by resorting to the eigenstates of Y (1)L and
Y
(2)
L as we did for U1(T1, 0) (see Methods). As a result, we have achieved a universal set of non-adiabatic holonomic quantum
gates in DFSs of the decoupling group G with two non-commutative single-logical-qubit gates and one non-trivial holonomic
two-qubit gate.
Discussions
We next discuss the physical realization of our scheme in physical systems. The above-mentioned two-body qubit-qubit
interactions required for the implementation of the quantum logic gates may be achieved in coupled microcavity system, and
that is an array of cavities coupled via exchange of virtual photons with one Λ-type three-level atom in each cavity [41]. In the
literature, an anisotropic Heisenberg spin-1/2 lattice in an external magnetic field was proposed by individually adjusting the
external lasers which were illuminated on the atoms. The effective Hamiltonian is of the form
Heff =
N∑
i=1
(
J ′zσ
z
i + Jxσ
x
i σ
x
i+1 + Jyσ
y
i σ
y
i+1 + Jzσ
z
i σ
z
i+1
)
(15)
where the parameters J ′z , Jx,y,z can individually be tuned via external lasers through controlling the laser frequencies, Rabi
frequencies and the cavity-cavity couplings [41]. Based on the results, different kinds of two-body qubit-qubit interactions
can be generated by suitably selecting the parameters J ′z , Jx,y,z, so our proposed logic gates may be realized in the coupled
microcavity system. According to the effective qubit-qubit interaction, nearest neighbor couplings of qubits can be realized. Our
desired H1,2,3 and H
′
1,2,3 are based on two-qubit interactions including the cases that the two qubits are next to each other or not.
The two-qubit interactions may be achievable in the coupled microcavities by controlling the couplings of different microcavities
based on Hamiltonian (15). We take H1 as an example to explain the physical realization of the interaction. Number the atoms
in each microcavity as 1 to N . Let j + 1-th and N -th microcavities interact with each other while the others do not. Adjust the
detunings and Rabi frequencies in the two specified microcavities such that Jx and Jy are zero [41], we get H1. The other target
two-qubit interactions can be obtained similarly.
In this work, we have explored the implementation of universal sets of non-adiabatic holonomic quantum gates by considering
a linear system-bath interaction Hamiltonian in which each qubit has its own bath. The holonomic quantm gates are achieved
in the DFSs of the decoupling group. Our results possess four-fold merits. Firstly, the quantum operations bear non-adiabatic
holonomic property and hence they are robust against control imprecisions and require less operation time. Secondly, based
on combination of the active DD and the passive DFSs, the quantum operations are resisted to the decoherence caused by
unavoidable interaction with environment. Thirdly, our scheme is realizable by utilizing only two-body interactions rather than
many-body interactions. From the perspective of experiments, two-body interactions are easier to achieve in physical systems
than many-body interactions. Lastly, our encoding strategy with an encoding rate of N−2N makes our scheme preferable consider
the scalability of quantum computation to many logical qubits. In the following we would like to compare our work with the
one presented in Ref. [36] in which non-adiabatic HQC was also proposed in the DFS by DD based on two-qubit interactions.
Compared with Ref. [36], our scheme exhibits two desirable advantages. One is about the encoding rate, it is N−2N in our scheme,
while in Ref. [36] it is 13 . The increased encoding rate is due to the fact that we encode our logical qubits in the DFS provided by
the dynamical decoupling itself and hence our encoding structure is more symmetric. The other advantage is that, in our scheme
any arbitrary single-logical-qubit gate can be obtained by simple combinations of the two single-logical-qubit gates proposed,
where it is not the case in Ref. [36]. Therefore our results reduce the complexity of practical implementation of holonomic
quantum gates in the DFSs of the decoupling group. We expect our scheme can shed light on the experimentally achievable
implementations of HQC in DFSs.
Methods
We need to verify whether the unitary operators U1,2,3 are purely holonomic quantum gates. The conditions of non-
adiabatic HQC has been proposed in Refs. [9, 10]. Consider an N -dimensional quantum system with Hamiltonian
HS(t). Assume there exists a time-dependent K-dimensional subspace M(t) spanned by a set of orthonormal basis vec-
tors {|Ψk(t)〉, k = 1, . . . ,K} at each time t. Here |Ψk(t)〉 can be obtained from the Schro¨dinger equation |Ψk(t)〉 =
T exp(−i ∫ t0 HS(t′)dt′)|Ψk(0)〉 = U(t, 0)|Ψk(0)〉, with k = 1, . . . ,K , and T is the time ordering operator. The unitary
transformation U(τ, 0) = T exp(−i ∫ τ
0
H(t′)dt′) is a holonomy matrix acting on the subspace M(0) if {|Ψk(t)〉} satisfy the
6two conditions: (i)
∑K
k=1 |Ψk(τ)〉〈Ψk(τ)| =
∑K
k=1 |Ψk(0)〉〈Ψk(0)|, and (ii)〈Ψk(t)|H(t)|Ψl(t)〉 = 0, k, l = 1, . . . ,K ,
where τ is the evolution period. Condition (i) ensures that the states in the subspace M(0) complete a cyclic evolution, and
condition (ii) ensures that the cyclic evolution is purely geometric.
Holonomic property of U1.– Here we explore the holonimic property of U1 by an example with N = 4 and j = 1 by considering
the orthonormal basis vectors {|Ψ1(0)〉 = 1√2 (|0〉L+ i|1〉L)⊗ |0〉L, |Ψ2(0)〉 =
1√
2
(|0〉L− i|1〉L)⊗ |0〉L, |Ψ3(0)〉 = 1√2 (|0〉L+
i|1〉L)⊗|1〉L, |Ψ4(0)〉 = 1√2 (|0〉L−i|1〉L)⊗|1〉L}. Condition (i) is satisfied since the subspace spanned by {U1(T1, 0)|Ψk(0)〉}
coincides with {|Ψk(0)〉, k = 1, 2, 3, 4}. Condition (ii) needs 〈Ψk(0)|U(t, 0)†H(t)U(t, 0)|Ψl(0)〉 = 0. This condition can be
written as 〈Ψk(0)|H1(t)|Ψl(0)〉 = 0 and 〈Ψk(τ1)|H ′1(t)|Ψl(τ1)〉 = 0 because H1(t) and H
′
1(t) respectively commute with their
evolution operators. It is easy to see that 〈Ψk(0)|H1(t)|Ψl(0)〉 = 0 and 〈Ψk(τ1)|H ′1(t)|Ψl(τ1)〉 = 0. Thus, both conditions
(i) and (ii) are satisfied, and U1(T1, 0) is a holonomic single-logical-qubit gate. One can also illustrate the geometric property
of U1(T1, 0) by visualizing the evolution in logical Bloch sphere as shown in Fig. 1. The Hamiltonians H1(t) and H
′
1(t) drive
the eigenstates of Y (j)L from point A with the eigenvalue +1 to the opposite pole B with the eigenvalue −1 and then back to
point A, which completes a loop along the geodesic line ACBDA. Therefore there is no dynamical contribution during the whole
evolution and the single-logical-qubit gate U1(T1, 0) is purely geometric.
Holonomic property ofU2.– We look at the example withN = 4 and j = 1 again for the demonstration of the holonomic property
of U2, and consider the orthonormal basis vectors {|Ψ1(0)〉 = |00〉L, |Ψ2(0)〉 = |01〉L, |Ψ3(0)〉 = |10〉L, |Ψ4(0)〉 = |11〉L}.
Condition (i) is fulfilled since the subspace spanned by {U2(T2, 0)|Ψk(0)〉} coincides with {|Ψk(0)〉, k = 1, 2, 3, 4}. Fur-
thermore, one needs to verify that condition (ii) is satisfied, i.e., 〈Ψk(0)|U(t, 0)†H(t)U(t, 0)|Ψl(0)〉 = 0. The con-
dition can be rewritten as 〈Ψk(0)|H2(t)|Ψl(0)〉 = 0, 〈Ψk(τ2)|H1(t)|Ψl(τ2)〉 = 0, 〈Ψk(τ ′2)|H
′
1(t)|Ψl(τ
′
2)〉 = 0 and
〈Ψk(τ ′′2 )|H
′
2(t)|Ψl(τ
′′
2 )〉 = 0 because H2(t), H1(t), H
′
1(t) and H
′
2(t) respectively commute with their evolution operators.
We thus find Conditions (ii) is satisfied as well, and therefore U2(T2, 0) is a holonomic single-logical-qubit gate. Similarly, one
can also illustrate the geometric property of U2(T2, 0) by Fig. 1. The Hamiltonians H2(t), H1(t), H
′
1(t) and H
′
2(t) drive the
eigenstates of Z(j)L from point C with the eigenvalue +1 completes a cyclic evolution along the geodesic line CBDAC. Hence
the single-logical-qubit gate U2(T2, 0) is purely geometric.
Holonomic property of U3.– We take N = 4, k = 1 and l = 2 as an example to show the holonomic property of U3. By
defining |0¯〉L = 1√2 (|0〉L + i|1〉L) and |1¯〉L =
1√
2
(|0〉L − i|1〉L), the two logical qubit states {|0¯0¯〉L, |0¯1¯〉L, |1¯0¯〉L, |1¯1¯〉L}
form a basis of the 4 dimensional Hilbert space S. Now we split S into two orthogonal subspaces S1 =Span{|0¯0¯〉L, |0¯1¯〉L}
and S2 =Span{|1¯0¯〉L, |1¯1¯〉L}, and in the representation the Hamiltonian H3(t) and H ′3(t) read H3(t) = J3(t)
(
0 A
A† 0
)
,
H ′3(t) = J
′
3(t)
(
0 B
B† 0
)
, where the matricesA andB can be written as
( −i cosφ − sinφ
− sinφ −i cosφ
)
and
( −i 0
0 −i
)
, respectively.
The corresponding evolution operators for the two steps read
U3(τ3, 0) = −i
(
0 A
A† 0
)
, U3(T3, τ3) = −i
(
0 B
B† 0
)
, (16)
respectively and U3(T3, 0) can be shown as
U3(T3, 0) = −
(
BA† 0
0 B†A
)
. (17)
The underlying idea is that, at time τ3, the two subspaces {S1,S2} evolved into each other and then, at time T3, they re-
turn, and this leads to a loop evolution in the Hilbert space and therefore condition (i) is satisfied. We then check that con-
dition (ii) is satisfied, i.e., 〈Ψk(0)|U(t, 0)†H(t)U(t, 0)|Ψl(0)〉 = 0. This is equivalent to 〈Ψk(0)|H3(t)|Ψl(0)〉 = 0 and
〈Ψk(τ3)|H ′3(t)|Ψl(τ3)〉 = 0 because H3(t) and H
′
3(t) respectively commute with their evolution operators. Thus, both condi-
tions (i) and (ii) are satisfied, and U3(T3, 0) is a holonomic two-logical-qubit gate.
The set of a 2-dimensional subspaces {S1,S2} in the 4-dimensional Hilbert space forms a Grassman manifold G(4; 2). The
closed path C of 2-dimensional subspaces is a loop in G(4; 2). The set of all bases forms a Stiefel manifold S(4; 2), which is
a fiber bundle with G(4; 2) as base manifold and with the set of 2 × 2 unitary matrices as fibers. The two steps of evolution
to achieve U3(T3, 0) correspond to two geodesic lines in G(4; 2), that transform S1 =Span{|0¯0¯〉L, |0¯1¯〉L} to its orthogonal
complement S2 =Span{|1¯0¯〉L, |1¯1¯〉L} and then back to S1 =Span{|0¯0¯〉L, |0¯1¯〉L} along the geodesic lines. The accompanying
non-Abelian geometric phase represents the 2× 2 fiber on the base manifold of S(4; 2).
Performance of the quantum gates with imperfect DD sequences.– The fact that our holonomic quantum gates are resistant to
non-collective decoherence is based on the DD approach. As a result, the existence of DD pulse errors will affect the performance
7of our proposed quantum gates. Here we provide some numerical results to demonstrate the effects of DD pulse errors. The
decoupling strategy utilized in our work can be described by alternatively applying computational and DD operations with
XY − 4 sequence as the basic DD sequence.
One of the main errors in DD sequences is flip-angle error caused by the inaccuracy in pulse duration and Rabi frequency.
With a relative flip-angle error ǫ, the imperfect pulse propagator reads [36]
Rf (ϑp) = e
−iσαi (1+ǫ)ϑp/2, (18)
where f indicates the effect of the flip-angle error, σαi (α = x, y, z) are Pauli matrices acting on the i-th physical qubit and ϑp
is the rotation angle about the α axis. The angle ϑp is π for ideal instantaneous pulses. The fidelity of the quantum gates can be
computed numerically according to the following formula [36],
F =
|Tr(UidU †im)|√
Tr(UidU
†
id)Tr(UimU
†
im)
, (19)
where Uid(Uim) is the ideal (imperfect) propagator without (with) DD pulse errors. We take the two-logical-qubit holonomic
gate as an example to show the performance of our scheme in the presence of the flip-angle error. As shown in Fig. 2, it is clear
that the type of error destroys the gate fidelity severely when |ǫ| > 0.02 (see the red solid curve).
Another main error source in DD sequences in due to the frequency detuning error which usually leads to errors in the rotation
angle and the direction of the rotation axis. With a relative detuning error δ, the imperfect rotation operator is of the form [36],
Rd(ϑp) = cos(
ϑp
√
1 + δ2
2
)I − i sin(ϑp
√
1 + δ2
2
)~σ.~nd, (20)
where d indicates the effect of frequency detuning error, and the actual rotation axis is ~nd =
(cosϕ/
√
1 + δ2, sinϕ/
√
1 + δ2, d/
√
1 + δ2). According to Eq. (20), we numerically find the fidelity of the two-logical-qubit
holonomic gate when the frequency detuning error is presented (see Fig. 2, blue dotted curve). Our results show that the
quantum gate is more tolerant to the detuning error than the flip-angle error, and the results are consistent with those given in
Ref. [36]. Hence our scheme requires high precision in adjusting pulse duration and Rabi frequency in experiments.
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FIG. 1: Illustration of geometric property of two noncommuting single-logical-qubit gates U1(T1, 0) and U2(T2, 0) in logical Bloch sphere.
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FIG. 2: Numerical results of the fidelity of the two-qubit logical gate e−i
pi
4
Y
(1)
L
⊗Z
(2)
L in the presence of the flip-angle error (Red solid curve)
and frequency detuning error (blue dotted curve). The parameters are chosen as follows, −0.1 ≤ ǫ ≤ 0.1 and −0.1 ≤ δ ≤ 0.1.
